We complete our previous (1, 2) demonstration that there is a family of new solutions to the photon and Dirac equations using spatial and temporal circles and four-vector behaviour of the Dirac bispinor. We analyse one solution for a bound state, which is equivalent to the attractive two-body interaction between a charged point particle and a second, which remains at rest. We show this yields energy and angular momentum eigenvalues that are identical to those found by the usual method of solving of the Dirac equation, (4) including fine structure. We complete our previous derivation (3) of QED from a set of rules for the two-body interaction and generalise these. We show that QED may be decomposed into a two-body interaction at every point in spacetime.
Motivation
We showed that there is a family of new solutions to the photon and Dirac equations by mapping them onto a new space, consisting of a spatial circle. (2) Here we add another new space, consisting of a temporal circle, which leads to further new solutions.
One of the solutions, which we call the coupled interaction, is equivalent to a bound state formed by a charged point body obeying the Dirac equation. The body moves in an inverse-distance potential described by the photon equation and produced by another oppositely charged point body, which remains at rest. We call this the two-body interaction. This physical problem has been well studied and the possible eigenvalues, found by solving the Dirac equation in the usual way, are known with certainty. (4) We call this model the Dirac interaction. The coupled interaction described here is therefore either unphysical, which would be unwelcome, or must yield the known values. An analysis shows that it conforms under a consistent set of assumptions. However, it has new symmetries, discussed elsewhere (2) and generalised here, which could lead to new physics.
We also discussed a new method of quantising the classical electromagnetic field by quantising the two-body interaction, (3) which could lead to new applications. We expand this derivation of QED by including the full spectrum of possible eigenstates as a basis.
DIRAC AND PHOTON EQUATIONS ON NEW SPACES

Preliminaries
We introduce the versatile form of the Dirac equation, (1) which we use throughout. There is also a versatile form of the photon equation with the same transformational behaviour.
(
The versatile form of the Dirac equation for an electron is
where e is the electric charge on the electron, and we define the meaning of the underline by where the four-vector ( ) ( )
behaves like the energy-momentum four-vector of the electron. It is this form of behaviour that we use here.
Dirac and photon equations on T
In our previous paper (2) we defined a space M that could be mapped to L and described how to obtain M from L by introducing a transformation called the Circular transformation, which we applied to 1 x and .
2
x We call the plane addressed by these co-ordinates the spatial plane. We showed that if the Dirac and photon equations hold on L they also hold on M. Here we apply the Circular transformation to 0 x and , 3 x which results in a space we call T that also maps to L. We call the plane addressed by 0 x and 3 x the temporal plane.
Except for the light cone, the temporal plane of L may be described using co-ordinates ( ), This has the form of a Lorentz transformation. As we discussed earlier, (1) we may introduce an imaginary angle, , It is easy to translate the photon equation into the variables appropriate for T, but we need to consider whether the volume element used in the equation is the same in spaces L and T for the reasons we discussed previously. (2) The volume element for L is
We consider the volume element where
This is the same as the volume element for T. Therefore any potential is the same for both spaces, since the volume elements are constant in each.
We note that the Dirac and photon equations have the same form and significance for T as for L after the map
Since 0 s describes a circle, we see that T differs topologically from L.
Apart from this, the co-ordinates ( )
appear to an observer in T to be a Cartesian system in a flat spacetime. This completes the description of the Circular transformation for the temporal plane.
Dirac and photon equations on S
We state our previous results for M (2) in the terminology we use
here. The spatial plane of L may be described using polar co-ordinates ( ),
and 1 s is the arc corresponding to 1 r and 1 θ in L. We introduce a further vector along the arc
where 1 R is constant.
We transform the four-vectors associated withÃ andM with We note that the Dirac and photon equations have the same form and significance for M as for L after the map2
M still differs topologically from L. Apart from this, the co-ordinates ( ) 
The final version of the Dirac equation for S is then 
SOLVING THE PHOTON AND DIRAC EQUATIONS
Temporal circle
We saw in section 2.2 that the formation of the circular temporal orbit described by the Dirac equation in T did not necessitate any change to the potential that held in . L We suppose that a stable temporal circle forms in the path of a free fermion, which we will take to be an electron.
We call this the circle electron. We will describe the straight path of the circle electron in the rest frame in L by the temporal co-ordinate 0 x and the circular path in T by . The above is only true for the first-quantised description we apply throughout here, since, for example, the finite length of the circle will also induce the equivalent of a Casmir effect in the vacuum. (8) However, it appears arbitrary to assume that an observer in L cannot detect the circle electron in T, given the bijection connecting the two spaces in equation (2.2.L). We therefore digress to discuss appearances should we assume the opposite. For a given instant the electron appears in general at a location, , P in L, which we shall address as ( ), ).
However, the electron is travelling in opposite temporal directions at + P and − P for the observer in L and will therefore appear as an electron-positron pair (4) created close to the single electron at . P Unless sufficient energy is present the electronpositron pair will be virtual, one of those subsumed in the renormalisation series for the electron at P and therefore invisible if we assume the physical values for the charge and mass. (4) To first order, we find the implications of the temporal circle by solving the free Dirac equation ( We suggest the circle itself may also vibrate if sufficient energy is present, in parallel with, but without directly employing, string theory. (8) We will call these standing waves circle waves and the interaction supplying the energy the circle interaction. We treat the circle waves as The energy required to form a circle wave can be supplied by a potential due to a second charge in L, but the inclusion of a second charge also generates a spatial circle, (2) which changes the space from T to a space of type S.
Spatial circle
We which the co-ordinates apply. The solution is identical to the one in M we discussed previously (2) except that here we have x The solution may be written µ the wave number.b iA is the potential due to the particle attracting the electron, which we call the nucleus, in the rest frame of the nucleus.
We define the potential so that it corresponds to an inverse-distance potential in L, using equation (2.3.I),
where e is the charge on the nucleus and we have set the parameter , 
We find the energy of the Bohr interaction four-vector, which has the same rest frame as the nucleus, rather than that of the electron. In the rest frame of the electron the energy is simply , should behave like a four-vector, as we have already discussed for a circular spatial orbit. (2) This behaviour can be explained by taking into account the alteration of phase due to the circular motion present. (2, 4) These remarks on spin also apply to the quasi-particle associated with the circle wave.
The spatial part of the circle has so far not been quantised individually, but for conformity with the usual solution of the Dirac or Schröedinger equation for a bound state, (4, 7) we must posit that the probability density be single-valued at every spatial location. Since the bispinors, 1 φ φ and , ‡ 2 φ φ behave like a four-vectors, the wave function, , b Φ Φ must be single-valued. This is equivalent to demanding an angular momentum eigenstate (2) and a measurement of this constrains the wave function and alters the length of the spatial circle again. With this proviso we may quantise the spatial circle as we did previously (2) and derive where α is the fine structure constant (4, 7) and we have restored c as well as .
We turn to the temporal circle for the Bohr electron, described in the first term on the left-hand-side of the first of equations (3.3.A). We sum the electromagnetic energy and the kinetic energy of the Bohr electron as we did in equation (3.2.C) and consider instead ofb iη the total energy of the electron, . Since the circle wave is neutral the potential responsible for the Bohr interaction has no effect and equation ( 
TACHYONIC TRANSFORMATION
Tachyon Dirac and photon equations
We demonstrate that, corresponding to every solution of the As a tachyon at rest travels along 1 x but not along ,
for a tachyon and we obtain
We call this the tachyonic transformation. x There is no significant difference between equation (4.1.G) and the equation we used previously (1) to provide Lorentz transformations for finite velocities and further details may be found in the cited paper.
Applying the symmetry
We shall discuss the world lines of several particles, each of which corresponds to some straight or circular path in L. We develop a set of equations that enable us to calculate the influence of the electromagnetic fields on the trajectories easily. 
COUPLED INTERACTION
Angular momentum
We want to find the angular momentum and energy of the coupled Bohr and circle interactions for an observer in the rest frame of the nucleus in . L Since the circle interaction has no angular momentum in the undashed frame, the total is supplied by the Bohr interaction and we do not need to consider the circle interaction at all here. The Bohr electron has the same orbital angular momentum in L using the momentum in b S , as it did using the momentum in M for the calculation we described previously. (2) This follows because the previous solution for the Bohr electron using M and the solution in b S given in section 3.2 are identical.
Further details may be found in the cited paper.
Coupled interaction in h S
We demonstrate that we may donate the energy of the circle and Bohr interactions to a single particle, which obeys the Dirac equation in a space of type S we shall call .
h S We call the particle the heavy-electron.
We start with the Bohr electron. Equation This means that we must quantise the angular momentum of the Bohr rather than the heavy electron.
We shall want the total energy in the dashed frame. We may convert to this frame using equation (4.2.J) with the same conditions on y, except that we will set m y = for the superscript onν ′for reasons that become apparent later. We obtain These energy levels are the same as those predicted by both Sommerfeld's model of the one-electron atom (7, 10) and the model using the Dirac interaction. (4, 7) The same is true for the angular momentum eigenvalues we discussed in section 5.1. In particular, the full spectrum of energy levels including the fine structure appears. The correspondence between θ n and r n and the quantum numbers labelling the Dirac interaction energy and angular momentum eigenvalues is the same as for Sommerfeld's model. 
Revisiting the Bohr interaction
DERIVATION OF QED
In a previous paper (3) we derived QED from the two-body interaction, on the assumption that the charge density current and potential field were sufficiently well behaved. In this section we refer to this previous paper where not otherwise indicated. The derivation could be done using either the ground state or an excited state for the two-body interaction but excited states were restricted to the principal energy levels. Here, we sketch the inclusion of fine structure by adding the circle interaction. The principle of the method remains unaltered.
The quasi-particle associated with the circle wave is neutral and so the net charge introduced by the circle interaction is zero. This means that we can extend the existing results trivially for the photon equation. 
since we may ignore the circle interaction for angular momentum eigenstates.
We also derived (3) an equation connecting the variables at point q for the Bohr interaction and showed that the equation was physically reasonable. It described the interaction of the Bohr electron and a quasiparticle. The quasi-particle arose from the charge density, , ρ which 
DISCUSSION
In this paper we completed our previous discussion (2) of new spaces, of type , M T and , S on which the photon and Dirac equations hold. The spaces provide a set of new solutions for the equations by altering the metric and topology that applies to our Minkowski spacetime, L. We have examined one of these new solutions, the coupled interaction that corresponds to the inverse-distance-squared law that we know holds in L for the strength of the electric field of a point charge. The other solutions correspond to different physical laws, which it is more difficult to realise experimentally. The coupled interaction can be interpreted to yield the familiar eigenvalues, including fine structure, of the usual model of the two-body interaction, the Dirac interaction.
We used first-quantised solutions here. Although the secondquantised solution is already well known, (9) it would still be of interest to find a similar series using the coupled interaction directly. This is because it has new symmetries, for example, cylindrical symmetry for the angular momentum eigenstate, (2) that might be respected in such a full solution.
We also completed our previous discussion (3) of a new method of quantising the classical electromagnetic field by quantising the two-body interaction. We are currently applying this to quantising General
Relativity.
